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We model one-dimensional transport through each open channel of a quantum wire by a Luttinger
liquid with three different interaction parameters for the leads, the contact regions and the wire, and
with two barriers at the contacts. We show that this model explains several features of recent exper-
iments, such as the flat conductance plateaux observed even at finite temperatures and for different
lengths, and universal conductance corrections in different channels. We discuss the possibility of
seeing resonance-like structures of a fully open channel at very low temperatures.
PACS number: 85.30.Vw, 71.10.Pm, 72.10.-d
Recent advances in the fabrication of quantum wires
within GaAs-AlGaAs heterostructures have made it pos-
sible to study their electronic transport properties in
great detail [1–8]. These studies show some puzzling fea-
tures for the conductance of quantum wires; specifically,
the flat conductance plateaux lying below integer mul-
tiples of g0 ≡ 2e2/h [1,3,4,7,8]. At the same time, the
theory of Tomonaga-Luttinger liquids (TLL) has led to
a general framework for understanding the effects of im-
purities and finite temperature and wire length on the
conductance of strongly correlated electron systems in
one dimension [9–13]. In this Letter, we propose a model
for a quantum wire (QW) based on TLL theory which
provides a unified way of understanding a large class of
experiments including the features mentioned above.
Our model of a QW is motivated partly by the way
these structures are fabricated and partly by the exper-
imental observations. The electrons are first confined to
a two-dimensional region which is the inversion layer of a
GaAs heterostructure. Within that layer, a gate voltage
VG is applied in a small region which further confines the
electrons to a narrow constriction called the QW; this
is typically a few microns long [1,3,4]. Within the QW,
the electrons feel a transverse confinement potential pro-
duced by VG; this leads to the formation of discrete sub-
bands or channels. As argued in Ref. [14], the electrons
from the two-dimensional electron gas (2DEG) can enter
or leave a one-dimensional system like a wire only if they
are in a zero angular momentum state with respect to the
appropriate end of the wire. Since the radial coordinate
is the only variable appearing in the wave function of
such a state, the 2DEG electrons which contribute to the
conductance may be modeled as one-dimensional nonin-
teracting Fermi liquid systems lying on the two sides of
the QW [10]; we will refer to these two semi-infinite sys-
tems as the leads. However when the electrons enter the
constriction, they interact via the Coulomb repulsion. If
the Coulomb repulsion is approximated by a short range
interaction, the electrons in the wire can be described by
a TLL. In fact, each open channel (defined below) can
be modeled by a separate TLL. In addition, the charge
and spin degrees of freedom are governed by indepen-
dent TLL’s if the interactions are invariant under spin
rotations and there is no magnetic field.
The simplest model which incorporates all these fea-
tures is a one-dimensional system in which the TLL pa-
rameters (an interaction parameter K and the quasipar-
ticle velocity v) are functions of the coordinate x as fol-
lows. If the QW lies in the range 0 < x < l, we let
(K, v) take the values (KL, vL) for x < 0 and x > l (the
leads), and the values (KW , vW ) for 0 < x < l [10,11].
(The parameters KW and vW will also carry charge and
spin labels ρ and σ; we will include these later). Here vL
is equal to the Fermi velocity vF =
√
2EF2D/m of the
electrons in the 2DEG (thus vL depends on the density
and effective mass of the electrons in the 2DEG but not
on any parameters of the QW), while vW is the veloc-
ity of the quasiparticle excitations inside the QW. Since
the electrons are taken to be noninteracting in the leads,
we set KL = 1; in the QW, repulsive interactions make
KW < 1. However, this model is not adequate for ex-
plaining the observed conductances. The main difficulty
is that vW actually varies from channel to channel and
depends on the gate voltage. The lowest energies Es in
each channel are given by the discrete energy levels for
the transverse confinement potential, and they can be
shifted by changing the gate voltage VG [15]. Then EF1D
in the sth channel is defined to be EF2D − Es. If this is
positive, the channel is open and the electrons have a
velocity vW (e) =
√
2EF1D/m which is related to the ve-
locity vF in the leads by vW (e) =
√
v2F − 2Es/m. Hence,
the quasiparticle velocity vW also depends on the chan-
nel index s. However, the observed conductances show
some features which are both channel and gate voltage
1
independent.
We will therefore consider a different model which ad-
ditionally has two contact regions of length d lying be-
tween the QW and the leads as shown in Fig. 1, so that
the total length of the QW system is L = l + 2d. The
TLL parameters in the contact regions are denoted by
(KC , vC); these will also have spin and charge labels as
indicated below. It is important for us that vC should
be independent of the gate voltage VG which is only felt
within the QW; thus vC is a function only of vF and
the interaction parameter KC . This is physically reason-
able if we visualize the contacts as regions where the gate
voltage is not yet felt by the particles, so that the Fermi
velocity of the electrons has not changed from its value
in the leads; however the electrons may begin to inter-
act with each other in the contacts, so that KC could be
less than 1. In short, the contact regions model the fact
that in many experiments, the electrons do not directly
go from the 2DEG to the QW; there is often a smooth
transition region between the two. In fact, a recent ex-
periment has explicitly studied the effect of a transition
region between the 2DEG and the wire, and has shown
that a region of an appreciable length of about 2− 6µm
is required to cause backscattering [6]. This makes our
modeling of the contact region as a Luttinger liquid of
finite length d, rather than point-like, quite plausible.
Note that the TLL’s appearing in our model differ
somewhat from a conventional TLL in which the elec-
tron velocity is related to the density. We are making
the quasi-ballistic assumption that the electrons come in
from the Fermi surface of the 2DEG, and shoot through
the contact and wire regions where they interact with
each other. Hence the density of the electrons in the con-
tacts and wire do not play a direct role in our model; the
quasiparticle velocity vW is determined primarily by vF
and the subband energies in the QW. The idea that the
properties of the one-dimensional system are governed
by EF2D has been used earlier in Ref. [16] for a quantum
point contact.
Given the Lagrangian density of a massless bosonic
field in 1 + 1 dimensions as [9]
L(φ;K, v) = (1/2Kv)(∂φ/∂t)2 − (v/2K)(∂φ/∂x)2,
the bosonized action for the model described above is
given by
S0 =
∫
dt [
∫ 0
−∞
dxL1 +
∫ ∞
l+2d
dxL1 +
∫ d
0
dxL2
+
∫ l+2d
l+d
dxL2 +
∫ l+d
d
dxL3] , (1)
where
L1 = L(φρ;KL, vL) + L(φσ ;KL, vL) ,
L2 = L(φρ;KCρ, vCρ) + L(φσ ;KCσ, vCσ) ,
L3 = L(φρ;KWρ, vWρ) + L(φσ ;KWσ, vWσ) , (2)
where the charge and spin fields φρ and φσ are continuous
at the points x = 0, d, l + d and l + 2d. These fields are
related to the bosonic fields of the spin-up and spin-down
electrons as φρ = (φ↑ + φ↓)/
√
2 and φσ = (φ↑ − φ↓)/
√
2.
In addition to the five different regions, our model in-
cludes two barriers. The motivation for considering the
barriers is two-fold. Since the geometry does not always
change adiabatically from the 2DEG to the QW, one
expects some scattering from the transition regions be-
tween the two [17]. Secondly, we have assumed that the
strength of the electronic interactions change from zero
in the 2DEG to a finite value in the contact regions; we
will show elsewhere that this can produce some barrier-
like scattering [18]. Although the scattering produced by
the changes in geometry and interaction could, in prin-
ciple, occur from anywhere in the contact regions, it is
easier to study if we model it by δ-function potentials
placed at the junctions of the lead and contact regions,
i.e., at the points x = 0 and x = l + 2d. These barriers
take the form of spin-independent δ-function potentials.
Following Ref. [19], we can show that the results given
below do not change if we consider extended barriers, as
long as they lie entirely within the contact regions.
To summarize our model, the contact regions including
the barriers are identical for all the subbands since the
TLL parameters in the contacts only depend on EF2D. It
is only inside the quantum wire that the TLL parameters
are different for different subbands. Let us now consider
what our model yields for the conductance as a function
of the various parameters. To begin with, we ignore the
two δ-function barriers and the gate voltage, and con-
sider the action in Eq. (1). The conductance can be
obtained from the frequency-dependent Green’s function
Gω(x, x
′) which can be computed exactly [11]. In the
zero-frequency (dc) limit, we find that the conductance
in each channel is given by G = KLg0 independent of
all the TLL parameters in the contact and QW regions.
For KL = 1, this is exactly the result expected for elec-
trons with spin in the absence of any scattering. This is
at variance with the experimental observations which do
show plateaux in the conductance, but at values which
are renormalized down by a certain factor from the above
values (see Fig. 2 of Ref. [3]). It is notable that although
the renormalization factor is sample dependent, it seems
to be independent of the number of channels involved in
the conductance [3,4,8].
The effect of the two barriers is best studied using the
effective action technique [9]. We first integrate out the
bosonic fields at all points except the junctions at x =
0, d, l + d and l + 2d; the fields at these four points will
be denoted by φ1a, φ2a, φ3a and φ4a respectively, where
a = ρ or σ. The expression for general frequency will
be given elsewhere [18]. In the high-frequency limit ω ≫
vC/d and vW /l, the action is given by
Seff =
∫
dω
2pi
|ω| [KL +KCρ
2KLKCρ
(φ˜21ρ + φ˜
2
4ρ)
2
+
KCρ +KWρ
2KCρKWρ
(φ˜22ρ + φ˜
2
3ρ)
+ similar terms with ρ→ σ ] , (3)
where the tilde’s denote the Fourier transforms of the
fields in time. We see that the four fields decouple at
high frequencies or high temperatures; in that limit, ω is
related to T by h¯ω ∼ kBT .
In the low-frequency limit ω ≪ vC/d and vW /l, the
action is given by
Seff =
∫
dω
2pi
|ω|
2KL
( φ˜21ρ + φ˜
2
4ρ + φ˜
2
1σ + φ˜
2
4σ )
+
∫
dt [
vCρ
KCρd
{(φ1ρ − φ2ρ)2 + (φ3ρ − φ4ρ)2}
+
vWρ
KWρl
(φ2ρ − φ3ρ)2
+ similar terms with ρ→ σ ] . (4)
Next we introduce the δ-function barriers at two points
and the gate voltage in the QW region; they are given
by V [δ(x) + δ(x − l − 2d)] and (eVG/
√
pi)
∫ l+d
d ∂φρ/∂x
respectively, where e is the charge of an electron. This
part of the action takes the form
Sgate + Sbarrier
=
eVG√
pi
∫
dt [φ3ρ − φ2ρ]
+
V
2piα
Σi
∫
dt[cos(2
√
piφ1i) + cos(2
√
piφ4i + η)], (5)
where i is summed over ↑, ↓, α is a short distance cutoff,
and η is given in terms of the wave numbers in the contact
regions and the QW as η = 2kCd+kW l. After adding this
action to (4) and integrating out the fields φ2a and φ3a,
we obtain the following low-frequency effective action in
terms of the fields φ˜ρ = (φ˜1ρ + φ˜4ρ)/2, nρ = (φ˜4ρ −
φ˜1ρ)/
√
pi, and φ˜σ, nσ (defined similarly to their charge
counterparts),
Seff
=
∫
dω
2pi
|ω|
KL
[(φ˜ρ − η
2
√
pi
)2 +
pi
4
(nρ − η
pi
)2 + φ˜2σ +
pi
4
n2σ]
+
∫
dt [
Uρ
2
(nρ − n0ρ)2 + Uσ
2
n2σ
+
V
2piα
{cos(√piφ˜ρ) cos(
√
piφ˜σ) cos(
pinρ
2
) cos(
pinσ
2
)
+ sin(
√
piφ˜ρ) sin(
√
piφ˜σ) sin(
pinρ
2
) sin(
pinσ
2
)}].
(6)
Here we have shifted the fields φ˜ρ and nρ by factors pro-
portional to η to highlight the symmetries of the action
coming from the barriers. Uρ = piΛCρΛWρ/(ΛCρ+2ΛWρ)
is an effective charging energy of the charges confined be-
tween the two barriers with ΛCρ = vCρ/(dKCρ), ΛWρ =
vWρ/(lKWρ), and Uσ, ΛCσ and ΛWσ are defined simi-
larly with ρ → σ. n0ρ = η/pi − eVG/(pi3/2ΛWρ) is the
average number of charges between the two barriers. As
seen in Ref. [9], such an effective action has a symmetry
that if n0ρ is tuned to be an odd integer (using the gate
voltage VG), then there are two degenerate ground states.
Tunneling between these two degenerate ground states in
the weak barriers limit corresponds to a resonance in the
transport of electrons through the system. For weak bar-
riers V ≪ Uρ and Uσ, we can expand the terms involving
Uρ, Uσ and V in (6) around nρ = n0ρ and nσ = 0; this
gives an effective barrier which vanishes if n0ρ is an odd
integer. We thus require η to be a constant plus an odd
integer times pi for resonance.
We now do a renormalization group analysis to see how
the barrier strengths scale with the length and temper-
ature [9,12,13] and compute the conductance. We will
work in the weak barrier regime (rather than the strong
barrier or weak tunneling regime) as we believe that the
two junction barrier strengths are weak; any renormal-
ization of their strengths will also be small since the to-
tal length of the contacts and QW is small. We define
Td = h¯vCρ/(kBd) and Tl = h¯vWρ/(kBl). If we assume
that d ≪ l for simplicity, then Td ≫ Tl. The conduc-
tances to leading order in the barrier strengths are ob-
tained in the limits where (i) Td ≪ T , (ii) Tl ≪ T ≪ Td,
and (iii) T ≪ Tl. In the low temperature limit of (iii), the
particles are phase coherent over the whole wire. At the
intermediate temperatures of (ii), they are coherent only
over the contact region. In the high temperature limit of
(i), they are incoherent. The conductance in regime (i)
is given by
g = g0KL[1− c1T 2(Keff−KL)(|V (0)|2 + |V (l + 2d)|2)].
(7)
Here c1 is a dimensionful constant containing factors of
the velocity vCρ and the cutoff α (but it is independent
of all factors dependent on the gate voltage VG), while
Keff = KLKCρ/(KL+KCρ)+KLKCσ/(KL+KCσ). At
intermediate temperatures in regime (ii), it is given by
g = g0KL[1− c2T 2(Keff−K˜eff )d T 2(K˜eff−KL)
(|V (0)|2 + |V (l + 2d)|2)]. (8)
Here c2 is a constant similar in nature to c1, but it can
depend on vW and hence is not independent of the gate
voltage VG, while K˜eff is also dependent on interactions
within the wire and is given as K˜eff = KLKWρ/(KL +
KWρ) + KLKWσ/(KL + KWσ). For low temperatures
T ≪ Tl, the conductance is
g = g0KL[1− c2T 2(KL−1)T 2(Keff−K˜eff )d T 2(Keff−KL)l
|V (0) + V (l + 2d)|2]. (9)
where the two barriers are now seen coherently. Here
again, c3 is a constant similar in nature to c2. (Similar
3
expressions can be derived if Td ≪ Tl, but the conclu-
sions stated below remain unchanged). As observed in
several experiments, these conductance expressions re-
veal that as either the temperature T is raised or the
total length L of the contacts and QW is decreased, the
conductance corrections become smaller and the conduc-
tance approaches integer multiples of g0 as expected [1,3].
Furthermore, we can see from these expressions that in
the high temperature limit i.e., when T ≫ Td, Tl, the
conductance corrections are independent of the QW pa-
rameters. Hence, they are independent of the gate volt-
age VG and of all factors dependent on the channel in-
dex. Thus they yield renormalizations to the ideal val-
ues which are themselves plateau-like and uniform for all
channels. Such corrections to the conductance explain
some of the puzzling features observed in the experiments
of Ref. [3]. They have a fairly long contact region of
d ∼ 2 − 6µm, which corresponds to Td ∼ 0.2 − 0.7K;
this is much less than the temperature range shown in
Fig. 3 of Ref. [3]. Similar flat and uniform conductance
corrections have been seen in the experiments of Refs.
[4,8]; this seems to suggest that their experiments also
include contact regions and T ≫ Td. Interestingly, the
low temperature corrections do depend on quantum wire
parameters and consequently, on the gate voltage. Thus,
a concrete prediction from this model is that one would
fail to see flat plateaux in the conductance for T ≪ Td in-
dicating that the corrections are dependent on the gate
voltage at lower temperatures. This has, in fact, been
observed in a recent experiment (see Fig.3 in Ref. [8]),
where the conductances at 1K show flat and channel in-
dependent plateaux, but at 50mK are neither flat nor
channel independent.
Finally, we observe that the existence of two weak bar-
riers at the contacts could lead to the occurrence of res-
onances in regime (iii), where there is phase coherence
over the entire wire and contact regions. Resonances can
only occur when n0ρ (defined earlier) is an odd integer,
i.e., the phase
η = 2kCd+ kW l = (2n+ 1)pi +
eVG
pi1/2ΛWρ
. (10)
Experimentally, EF1D and therefore kW is tuned by the
gate voltage as one sweeps across all the states of the
open channel, until the next channel starts opening. If
resonant transmission is possible at some energies, one
would expect enhanced conductances when kW matches
the condition given in Eq. (10). Such peaks in the con-
ductance of an open channel may already have been seen
at T = 50mK at conductances close to multiples of g0
in Ref. [8]. We expect these resonances caused by the
contact barriers to survive when the channels are moved
laterally, unlike resonances which may be caused by im-
purities present inside the wire.
To summarize, we have presented a general model
which can be applied to a large class of quantum wires.
We will present elsewhere [18] the details of all our calcu-
lations as well as various extensions which are of exper-
imental interest, such as the effects of impurities inside
the QW, resonances occurring on the rise between two
subbands, and a magnetic field where some additional
features are observed.
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FIG. 1. Schematic diagram of the model showing the lead
regions (marked FL for Fermi liquid), the contact regions (C)
of length d, and the quantum wire (QW) of length l. The
interaction parameters in these three regions are denoted by
KL, KC and KW respectively.
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